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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation ax’ +bx+c=0,

_ —b++b* —4ac

2a

X

Binomial expansion

n_ n n n—1 n n-232 n n-ryr n
(a+b) —a+1a b+2a b+ ...+ a”'b"+ ... +b
r

n ! - ..(n—r+l
where 7 is a positive integer and[ j & _nnzh . (nmr+l)

r _r!(n—r)!_ r!

2. TRIGONOMETRY
Identities

sin® A+cos” A=1
sec’ A=1+tan’ 4
cosec’4 =1+cot” 4
sin(4+ B) =sin AcosBtcosA4sinB
cos(4+ B)=cosAcosBFsinAsinB

tan 4 +tan B
1¥tan Atan B

sin2A4 =2sin Acos4

tan(A+ B) =

cos2A=cos’ A—sin> A=2cos’ A—1=1—2sin> 4

2tan 4

tan24=————
1-tan” 4

Formulae for AABC
a b c

sin4d sinB sinC

a* =b*> +c¢* —2bccos A

AzlbcsinA
2



6

N

1 (a) Express \/_
2

-9
-1

Answer all the questions.

in the form of a+b«/§ , where a and b are integers.

[2]

6J§—9XJ5+1

21 2+1

124642 -9y2-9
2-1

—3-32

63/2 -9

(b) N is a root of the equation x° + px+¢ =0 where p and ¢ are integers.

Using the result in part (a), find the value of p and of g.

[4]

(3-3v2) + p(3-3v2)+¢=0

9-18v2+18+3p-3py2+¢g=0

—(18+3p)N2+27+3p+g=0

18+3p=0-———()
274+3p+g=0———(2)

p=-6
q=-9
L TPEP 4

4+ 2 _
3.32 = p-df 4q
6—6\/_:—pi«/p2—4q

Comparing,
p=-6

—\Jp’ —4q = ~62
p’—4g=36x%2
(—6)" —4g="72
q=-9




2 Find the range of values of the constant m for which the curve y = (m—3)x* + mx+m

lies completely above the x-axis. [5]

y=m-3)x*+mx+m
b? —4ac <0
m?—4(m-3)(m) <0
m?2—4m?+12m<0
-3m?+12m <0
-3m(m—-4)<0
m<Q0orm>4

m—3>0
m> 3

Therefore m > 4




3

3 Express ————

x*(x—1)

in partial fractions.

[6]

2x3 -5 s 2x% -5
x2(x—1) x2(x—1)
2¢°-5 A B C
x2(x—1) x x? x-1

2x> —5=Ax(x—1) +B(x — 1) + Cx?

Letx =1,

-3=C

Letx =0,

—5 = B(~1)

B=5

Letx = —1,

—3 = —A(=2) +5(=2) - 3(1)
A=5

25 5 5 3
x2(x—-1) " x x? x-1
2x3 -5 2x%2 -5

x2(x—1) =2 +x2(x— 1)

2x%> -5 _Ax+B+ C
x2(x—1)  «x? x—1

2x2—5=(Ax+B)(x — 1) + Cx?

Letx =1,

—-3=C

Letx =0,

—5=B(-1)

B=5

Letx = —1,

—3=—A(=2) +5(-=2) — 3(1)

A=5

2x3 -5 B +5x+5 3

x2(x—1) x2 x—1
5 5 3

=24+—+—-—




(a) State the range of principal values of tan™' x.

[1]

(2)

T ) V.4
——<tan x<—
2 2

o

(b) The curve y=a+bcoscx is shown below for 0 < x < 3?“ radians.

1)

(i) Find the values of a, b and c.

[3]

(b)(@)

2
period = T
c

c=2

a-b=17
a+b=1
a=4
b=-3

y=4-3cos2x




(ii) On the same axes, draw a straight line to determine the number of solutions for

the equation az+brcoscx =57 —2x for 0<x < 377[ [3]

(b)(ii) | ar+brcoscx =57 —2x

2
a+bcoscx=5——x
T

0 4 w2 3m/d4 m Sm/d 3mi2

There are 3 solutions.




5 When f(x) is divided by x—1, the remainder is 61.
The remainder is —123 when f(x) is divided by x+3.

Find the remainder when f(x) is divided by x* +2x—3. [5]

¥ 4+2x-3=(x=1)(x+3)

f(x)=(x-D(x+3)0(x)+(ax+b)

f(H=6l
a+b=61
f(-3)=-123
—-3a+b=-123
a=46

b=15
The remainder is 46x+15.




6 A curve is defined by the equation y = ln(

Show that the curve has no turning points for all real values of x.

X

e
x> +10

|

[3]

y=In 26
x°+10

y=Ine" —In(x* +10)
y=x—In(x*+10)

d_yzl_ 2x
dx x> +10
dy_x2+10—2x
A X +10
dy_(x—l)2+10—1
&  xF+10
dy_(x—1)2+9
E_ x> +10

Since(x—l)2 >0 then ()c—l)2 +9>0

and x> +10>0

_1\2
G 96 and P xo
x +10 dx

The curve has no turning points.

therefore

y=In 26
x +10

y=Ine" —ln(x2 +10)
y=x-In(x*+10)
d_y_l_ 2x

dx x*+10
x> +10-2x
=0

x“+10
x> +10-2x=0

L 2D)E(2) ~41)(10)
2

? # 0. The curve has no turning points.
X

no solutions or b* —4ac <0




7 Solutions to this question by accurate drawing will not be accepted.

y
A
A
M
> X
o _— — 869
N
C(-6,-2)

The diagram above shows a triangle 4ABC with vertices B(7, 2) and C (—6, —2).
AB is perpendicular to AC and is parallel to the line y =-2x.
M and N are the mid-points of 4B and BC respectively.
(a) Find the coordinates of 4. [6]

gradient of AB = -2
gradient of AC x gradient of AB =—1

gradient of AC = %

Equation of line AB: y = -2x+¢,
subt(8,0)

¢, =16

Equation of line AB:y =-2x+16

. . 1
Equation of line AC: y = 5 x+c,

subt(~6,-2)

c, =1

. . 1
Equation of line AC: y = Ex +1

—2x+16=lx+1
2

x=6
y==-2(6)+16=4
A(6,4)




(b) Explain why the quadrilateral ACNM is a trapezium.

[1]

Since quadrilateral ACNM has only one pair of parallel sides
MN and AC by midpoint theorem. Therefore, it is a
trapezium.

() Find the area of the quadrilateral ACNM.

[3]

16 -6 1 7 6
214 2 -1 2 4

=—[(-12+6+2+28)—(12-7-2-24) ]




An architect uses 40 cm of wire to design 2 window frames for a room model. He wants
as much light as possible to pass through the windows for his design. One frame is to

be an equilateral triangle of side x cm. The other is to be a semi-circle of radius » cm.

(a) Show that the total area, 4 cm?, enclosed by the two window frames is given by

_7(40-3%)° B,

+_
2(z+2) PR 4]

) .. 1
Perimeter of semicircle = 5 X2 XV +2r=mr+2r

Perimeter of equilateral triangle = 3x
(7Z'I’+ 2r)+3x =40
40-3x
T+2

=

.. 1
Area of semicircle = Ex r?

Area of equilateral triangle = % x x> xsin60 = 73 x’

z403x J§2
( %

4

7(40-3x)" 3,

= +—x" (shown
T (z+2) 4 (shown)




(b) Given that x can vary, find the stationary value of 4. [4]

— 2 2
(40 3x2) +J§x
2(7r+2) 4
d_AzzxMx(_3)+2x@
dx 2(r+2) 4
dA —37z(40—3x)+J§x
dc  (z+2) 2
_3n(40—23x)+J§x o
(7+2) 2
37(40-3x) f3x
(7z+2)2 2
x=7.37cm

A=42.5cm?

(c) Find the nature of this stationary value and explain why the architect may not

be happy with his design. [2]
() dd _—37(40-3x) NEY
e (z+2) 2

d4_-37(40) 3z (3x) Jx
de (z+2) (z+2) 2

2 37(3
d 124:0+ 7[( )2 +£
dx (7z'+2) 2
2

2f=1.936

X

d*4

2 >0

A 1s a minimum area

The architect is disappointed as he got the
smallest window areas which do not allow
as much light to pass through into the
room.




P R

The diagram shows a triangle POR.
Point M lies on QR such that QM = 1 unit and MR = 3 units.
Angle PRQ =90° and PR is x units. Angles QPR and MPR are denoted by « and g

respectively as shown, where 0° < a <45°.

Given tan(a - ﬂ) = % , find the value of x. [5]
tana = 4 tan f = 3
X X
1
tan (o — f) = 3

tana—tan 1

I+tanagtan 8
4 3

X X 1

1 1( 12)
—=—1+—
x 8 X
8 x'+12
X x?

8x’ =x’ +12x
X —8x*+12x=0

x=2(rej,  <45°% tanax <1)
x=6




10 Solve the equation log, x —

X

= (log2 x)2 , leaving your answer in terms of J2.

[5]

3
log, x— og 8
_log,x , [log,8
log,4 ~ |log,x

2p°+p=0
pR2p+1)=0
1
:0, = ——
Z P >
log,x=0
x =1(rej)

1
log, x = -

X =

1
NG




tanx 1+secx

11 (a) Prove that + =2 cosecx.

l+secx tanx

[4]

tan x 1+secx
+

l+secx  tanx
_ tan® x+(1+secx)’

tan x(1+sec x)

tan® x + 1+ 2sec x +sec’ x

tan x(1 + sec x)

sec’ x+2secx+sec’ x

tan x(1 +sec x)

_ 2sec’ x+2secx

tan x(1 +sec x)

_ 2secx(secx+1)
tan x(1 +sec x)

2 sin x

COSX COSX
2
~sinx
=2cosec x




2 1+sec2
(b) Hence, solve tan 2x JoSeeox 3secx for -t<x<m. [4]
I+sec2x  tan2x

tan 2x 1+sec2x
+ =3sec x

1+sec2x tan 2x
2cosec 2x =3secx

2 3

sin2x cosx
2cosx =3x2sin xcosx

6sinxcosx—2cosx=0

2cosx(3sinx—1)=0

cosx =0

. 1
sinx =—
3

a =0.33984
x=0.340, 2.80

(c) Use the result in part (a) to find the range of values of k for which the equation

tanx  l+4+secx .
+ =k has no solutions. [2]
I+secx  tanx

2 cosecx=k
2

=k

sin x

sinx =—

) ) ) 2 .
Since —1<sinx<1, sinx= %has no solutions when

z<—1 or z>1
k k

therefore 2 cosec x = k has no solutions when
2<k<2




- x dy _ . .
12 (a)  Giventhaty=e"(l+cosx), show ol (1+cosx—sinx). [1]

y=e"(1+cosx)
%=ex(l+cosx)+e"(—sinx)
dy . .

—=e (1+cosx—smx)

dx

(b) Hence find J-e" (cosx—sinx)dx. [3]

_|.ex(1+cosx—sin)c)a’x=J.e)‘+e"(cosx—sinx)a’x=e"(1+cosx)+c1
J de+I *(cosx—sinx) dx=e"(1+cosx)+c
e +I cosx—sinx dx=e"(1+cosx)+c

je (cosx—sinx) dx=e"(1+cosx)—e" +c

'[ex(cosx—sinx) dx=e"cosx+c




13 A circular patch of water of negligible thickness is evaporating. The radius of the patch,

r cm is decreasing at a constant rate of 0.2 cm/s. Find the rate of change of the area of

this patch, 4 cm? when the area of the patch is 2251 cm?. [5]
A=7xr’
d4 =2nr
dr
A=2257=rr’
r=15
dA_dd_dr
dt dr dt
a _ 27(15)x-0.2
dt
da =—67 cm’/s
dt




14 In the figure below, points 4, B and C lie on the circle. AC is a diameter of a circle with
centre O.
The tangent to the circle at X meets AC produced at Y.
Chord XB intersects AC at F.
XC bisects the angle of YXB.

(a) Prove that CX = CB. [2]

ZYXC = ZCBX (tangent chord theorem)

ZLYXC = LZCXF (XC is an angle bisector of YXB)
ZCXF = ZCBX

ABCX is an isoceles triangle, CX = CB




(b) Prove that triangle AXC is similar to triangle BFC. [3]

ZAXC =90 (right angle in a semicircle)

ZBFC =90’
(AC is a chord bisector of BX because ABCX is an isoc triangle (a))

ZAXC = ZBFC

/XBC = /XAC = ZFBC (angles in the same segment)

AA similarity, triangle AXC is similar to triangle BFC.

(¢)  Hence, prove that ACx FC = BC’ [2]

triangle AXC is similar to triangle BFC
AC XC

BC FC

ACxFC=XCxBC

XC = BC (from part (a))

ACxFC =BC?

End of Paper
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c=0,

_ —b++b* —4dac

2a

X

Binomial expansion
(a+b)"=a" + [TJ a" b+ (Z] a"?b? + .+ (n] a" b+ . +b"
r

nj n!l n(n=1) .. (n—r+l)

where 7 is a positive integer and [
-

_r!(n—r)!_ r!

2. TRIGONOMETRY
Identities
sin> A+cos’ A=1

sec’ A=1+tan> 4
cosec’A=1+cot’ 4
sin(A+ B) =sinAcosB £ cosAsinB
cos(A+ B)=cosAcosBF¥sinA4sinB

+
tan(A+ B) = tan A +tan B
1¥tan Atan B
sin2A4 =2sinAcosA
cos2A4=cos’ A—sin* A=2cos* A—1=1-2sin* 4

2tan A

tan24 = ————
1-tan” 4

Formulae for AABC
a b c

sind sinB sinC

a’ =b* +c¢* —2bccosA

A:lbcsinA
2



Answer all the questions.
An object was launched from a machine. Its height, y metres above ground, ¢ seconds
after launch, can be modelled by a quadratic function y = f(#). Four seconds after
launch, the object reached its maximum height of 81 m and then dropped to a height of
54 m after a further three seconds.

(a) Find the initial height of the object when it was launched. [4]

y=a(t—4) +81

Substitute (7, 54)
54=a(7-4) +81

a =-3
y=-3(1—4) +81

Att=0
y=33

Initial height the object was launched = 33 m

(b)  Without solving a quadratic equation, explain and determine how long did the
object stay above 54 m? [2]

Since the line of symmetry is ¢ = 4, the object was at height 54 at 7 = 1.
Length of time =2x3
= 6 seconds

—_—



Show that the solution of the equation 12" =36x4""* can be expressed as 1+

where a and b are integers.

12x+1 :36x4x+2
12x12" =36x4" x16
12°
4
3" =48
lg3* = 1g48
xlg3=1g48
xlg3=1g(16x3)

= l1gl6 + 1g3

Ig16

X =1+ ==
g3

lga

lgb
[5]



(a) Solve the equation 3x* —11x” +3x+2 =0, expressing non-integer roots in

surd form. [5]
Let f(x) = 3x" —11x" +3x+2
3 2
5 )G G
3 3 3 3
=0

Therefore 3x—2 is a factor of f(x)
flx) = @Bx-2)(x>+bx-1)
Comparing coefficient of x>,
3p-2 =-11

b =-3

flx) = (@x-2)(x*-3x-1)
When 3x* —11x*+3x+2=0
Bx—2)(x*-3x-1) =0

2 34,37 —4(1)(=1)

3 2(1)

3+413

2

X =

(b)  Hence, solve the equation x* +11x* +9x—18 =0, expressing non-integer roots
in surd form. [2]

X +11x*+9x—18=0

3 2
x5
9 9
X X ? X
3(--) 41(--) +3(——j+2=0
3 3
x 2 o _X_3EN13
3 3 3 2
94313
x=-2 or X =



d’y 12

A curve is such that = 5
dx (3-2x)

. Given that the curve passes through the points

1
(E,lj and (l, 11’1(862)) , show that the y-intercept of the curve can be expressed as

b
aln (—j where a, b and ¢ are constants. [8]

c
d’y 12
dx*  (3-2x)°
dzy )
—=12(3-2x
1 ( )

-1
& _126-2x"
dx -2~
= 6(3-2x)" +c

L, 629

= -3In(3-2x)+cx+d

+d

Since (1, ln(8ez)) lies on the curve
In(8e”) =c+d
d = In@8e*) —¢ - (1)

Since [%,l) lies on the curve

1 = 3In2 + % T — )
c 2

1 =-3In2 + 5 + In(8e”) — ¢

c =2

d =3In2

y=-3In(3-2x)+2x+3In2
Whenx =0
y= -3In3+3In2

ol



A tangent to a circle at the point (4, 3) intersects the x-axis at x = 7. The line with the
equation 3y =2x+ 6 is normal to the circle at another point.

(a) Find the equation of the circle. (8]

3

(e

Gradient of tangent =

AN
~J

-1
Gradient of normal =1
Sub (4,3)into y=x+c

3=4+c

c=-1

Equation of normal is y=x-1
y=x—1 - (1)
3y=2x+6  ----—-- 2)

Sub (1) in (2)

3(x—1)=2x+6

3x-3=2x+6

b =9

y =8

Centre of circle is (9, 8)

Radius = JO-4)* +(8-3)°

- 5%

Equation of circle is (x—9)* +(y—8)" =50

(b) Find, in exact form, the equations of the tangents to the circle that are parallel
to the x-axis. 2]

y=8+\/%
y=8—\/5



A particle, P, starts moving in a straight line with a velocity of 8 m/s at a displacement
of 3 m from a fixed point O. The velocity, v m/s of the particle ¢ seconds after moving
is given by v=>5cost+2sint+c.

(a) Find the value of c. [2]

(a) v=5cost+2sint+c
When t=0
8=5+c
c=3

(b) Find the initial acceleration of the particle. [2]

(b) a=-5sint+2cost
Initial acceleration =2 m/s?



(©)

(c)

(d)

By explaining with relevant working, show the particle changed its direction
of motion during the 3" second. [3]

v=5cost+2sint+3

Att=2,

v = 5c0s2+2sin2+3
=2.7379

Att=3,

V = 5c0s3+2sin3+3

=-1.6677
Since the velocity changed sign from positive to negative during t =2 to ¢ = 3,
the particle changed its direction during the 3™ second.

Find displacement of P from O at ¢ = 6. [3]

Displacement =5sint—2cost+3t+d

Whent=0,s=3

2+0+d=3

d=5

Therefore, s=5sinf—2cost+3t+5

When ¢ =6,

s =5sin6—-2cos6+3(6)+5
=19.7m

Alternative

Whent=0,5s=0

2+0+d=0

d=2

Therefore, s=>5sint—2cost+3t+2
When =6,

s =5sin6—-2cos6+3(6)+2

=16.7m



7

It is given that there is a term in x” in the expansion of (\/_

integer.

(@

X

n
j , where 7 is a positive

Find the smallest possible value of n, explaining your answer. [4]

n L\ 2 r
A N
n 1,_1
— =7 _2 r_.-r
"L (2)
n 1,3
_ =37 )"
" (2)
ln—zr =2
2 2
n =3r+4

Smallest possible value of » = 0.

Therefore, the smallest possible value of n = 4.



(b) In the case where n = 7, show that there is no constant term in the expansion of

(2

z—ir =2
2
r =1
: 2 7 1
coefficient of x = (-2)
—_14
7.3 r =4
2
r =5
. 4 7 5
coefficient of x =5 (-2)
=672
Contant term =48(-14) — (1)(-672)
=0

Therefore there is no constant term. (shown)



® ©© @ @ @ @ O

The temperature, 8°C , of a cup of hot chocolate milk, as it cools to room temperature,
can be modelled by the formula @ =27 +¢b™" , where ¢ and b are constants and ¢ is the

time of cooling in minutes. Measurements of 7 and @ are shown in the table below.

10

12

71

59

48

43

38

35

(a) Explain how a straight line graph can be drawn to represent the formula and
draw it for the given data.

0=27+qb"
0-27=qb”’

In(6—-27)=In(gb™)

In(0—-27)=Ing—tInb
In(@—-27)=(—Inb)t+Ing

Plot In(6—27) against ¢ to get a straight line

[4]

t 2 4 6 8 10 12

0 -27 44 32 21 16 11 8

In(6-27) 3.78 3.47 3.04 2.77 2.40 2.08
A= (2 3.78) 'S
B = (4, 3.47) :
C = (6, 3.04)

6
D = (8, 2.77)
[ — = B

F = (12, 2.08) G D ma -
E = (10, 2.4) z

f: FitLine({A. B. C, D, E, F})

= y =-0.1711428571429x + 4.1213333333333

-2







(b) Estimate the value of ¢ and of b.

Vertical intercept =4.1 (allow £0.1)
Ing =4.1
q = oM
=60.340
=60.3 (allow 54.6 to 66.7)
Gradient =—Inb= 4.1-2.2
0-11.2
Inb  =0.16964 (0.16 to 0.18)
b = Q016964

=1.1849
=1.18 (allow 1.17 to 1.20)

(c) Use your graph to estimate the temperature of the cup of tea at 1 = 7.

Atr=71,

In(6—-27) =2.925 (allow 2.8 to 3.0) Bl
=45.634
= 45.6°C (allow 43.4 to 47.1) Bl

(d) What is the room temperature? Explain how you obtain your answer.

Since 6 =27+60.3(1.18)"

As t increases, 1.18™ approaches 0.
Therefore 60.3(1.18)™" approaches 0.
Thus @ approaches 27 which is the room temperature.

[3]

2]

2]



C
D

A farmer owns two triangular plots of land ABC and ADC as shown in the diagram
above. It is given that AB =7 m, AC = 8 m and AD = 6 m, angle BAD is a right angle
and angle BAC = 6 radians.

(@

(a)

(i) Show the total area of the two plots of land, A m?, can be expressed in
the form asin@+bcos @, where a and b are integers. [3]
. 1 . 1 . (7
(1) Total area = 5 (7)(8)sinf + 5 (6)(8)sin (E - 9)

N | —

(7)(8)sin @ + %(6)(8)00&9

= 28sin@ + 24cosf

(i) Express A in the form Rsin(@+ «), where R>0and 0<a < % . [3]

46
tangg = 28 =7
a — tan"' 2
7
=0.70863
A = /1360 sin(@+0.70863)

_ 4/855sin(6+0.70863)



(b)

(b)

(iii)

(iii)

Find the greatest possible value of 4 and the value of @ at which this
occurs. [3]

Greatest possible value is V1360 = 4+/85

0+0.70863 =z

2
=0.86217
=0.862

The farmer would like to grow roses on plot ABC and hibiscus on plot ADC.
Given that he wants the area of plot ABC to be twice the area of plot ADC, find

the value of 6. [3]
Area of triangle ABC =2 x Area of triangle ADC
% (7)(8)sin @ =2 X %(6)(8) cos
tan & -2
7
0 =1.0427



Y A
\
P2, e—2)
0 » X
Q
y=ex—1_2
/

The diagram shows part of the curve y = e —2. The point P(2, e—2) lies on the curve
and the normal to the curve at P meets the x-axis at Q.

(a) Find the x-coordinate of Q in terms of e. [5]

y=e"-2

d

_y — ex—l

dx

Gradient of tangent at P =e

Gradient of normal at P = ——

0—(e-2) 1
q-2 e

qg—2 =ele-2)

q =e(e=2) +2



(b) Find the total area of the shaded region.

e =2 =0

e =2

X =1+In2
=1.6931

0

Shaded area under the x-axis = J.l w1 e = 2dx

x—1 0
= [e —2x]
1.6931

= ¢ ("' ~33862)
= 33862 + 0.36788 — 1.9999
= 1.7542

2 1
Shaded area above the x-axis = J.] o, e —2dx + EX (e—2)(e” —2e)

[ ol 2 l 2
N |:e _zx:|1.6931 * 2><(e 2)"(e)

=e—4— ("' -3.3862)+0.70122
=0.10458 +0.70122
=0.8058

Total area =1.7542 + 0.8058
= 2.56 units®

End of Paper

[7]



